The main purpose of this paper is to characterize weakly quasiconvex functions via the limiting subdifferential.
Introduction
The generalized convexity have found extensive applications in areas such as mathematical programming and economics. Such notion is a natural gen-eralization of convexity. In particular many results have been done for the weak convexity, we can cite for instance the result given in [4] by Jourani and Théra which used this notion (with modulus ε) in order to characterize the ε-monotonicity of the limiting Fréchet ε-subdifferential by adopting the following definition : A real function f defined on a normed space (X, . ) is said to be weakly convex (with modulus ε > 0) or ε-convex if for all x, y ∈ X and λ ∈ [0, 1] we have :
Our aim in this paper is to extend this definition to a big class called the weak quasi-convexity (with modulus ε > 0) in order to characterize it via the limiting subdifferential.
Recall that a real function f defined on a normed space (X, . ) is said to be weakly quasi-convex (with modulus ε > 0) or ε-quasi-convex if for all x, y ∈ X and λ ∈ [0, 1] we have :
We can easily see that any weakly convex function is weakly quasi-convex. The rest of this paper is organized as follows. After recalling some definitions and properties in section 2 we give in section 3 a necessary and sufficient conditions for a function f to be weakly quasi-convex.
Basic definitions and properties
In this section we recall several definitions and results necessary for further developments. Throughout this paper, (X, . ) denotes a reflexive separable Banach space, X * its topological dual, B * the closed unit ball in X * . Under the above conditions, (X, . ) is an Asplund space. Moreover, B * is metrizable for the weak star topology * σ(X * , X) of X * . Let f : X −→ R ∪ {+∞} be an extended-real valued function. We recall that:
( respectively, the convergence for the weak-star topology of X*).
Definition 2.1 Let f : X −→ R ∪ {+∞} be an extended-real valued function and let ε ≥ 0.
The Fréchet ε-subdifferential of f at x ∈ domf is defined by:
The limiting Fréchet ε-subdifferential at x ∈ dom f is defined by:
where"limsup" stands the sequential Kuratowski-Painlevé upper limit with respect to the strong topology of X and the weak-star topology of X * , i.e.:
When ε=0, then the set (2) is denoted by∂f (x). Since X is an Asplund space, then we have (see [3, 6] ) :
Recall also (see [5] ) that if the function f is l.s.c. around x ∈ domf , then the limiting subdifferential (in the Mordukhovich sense) is given by:
Proposition 2.2 [1] Let f : X −→ R ∪ {+∞} be an extended-real valued function and let x ∈ domf . Then we have:
where
Characterization of weakly quasi-convex functions via the limiting subdifferential
We give in this section a necessary and sufficient conditions for a function f to be weakly quasi-convex using the limiting subdifferential. Let us start first with the necessary condition.
Proposition 3.1 Let f : X −→ R be a l.s.c real function. If f is weakly quasi-convex (with modulus ε > 0), then for all x, y in X the following implication holds :
Proof. Let x, y ∈ X and x * ∈ ∂f (x) such that x * , y − x > ε y − x . Then, there exists η > 0 such that x * , y − x > ε y − x +η. Since x * ∈ ∂f (x) then, by (4) there exists sequences
By the continuity of u −→ y − u and ., . there is n 0 ∈ N such that ∀n ≥ n 0 ∀ε close to ε(ε > ε) we have:
On the other hand, (5) we get :
By virtue of (7) and taking into account thatx * n ∈∂f (x n ), we deduce that there existsx * n,m
Consequently, there are sequences (s n ) and (m r ) of positive integers satisfying the following conditions:
x sn,mr f → x as n, r → +∞; m r → +∞ as r → +∞; s n → +∞ as n → +∞ and for every positive integers n, r
Consequently, there exists a sequence τ n,r 0 and there is an integer n 2 such that ∀n, r ≥ n 2 f (x sn,mr + τ n,r (y − x sn,mr )) > f(x sn,mr ) + τ n,r (1 − τ n,r )(ε − ε sn ) y − x sn,mr . Since ε > ε, then for n, r large enough we obtain
Hence, by virtue of the weak quasi-convexity of the function f it follows max(f (x sn,mr ), f(y)) = f (y) for n, r large enough. On the other hand, x sn,mr f → x. Therefore, max(f (x), f(y)) = f (y) and the result follows. The sufficient condition is given by the following proposition. [, we use the same arguments by applying [Theorem 18, [4] ] at points z, y. Thus, we arrive at f (z) ≤ f (x)+2ελ(1−λ) y − x , which contradicts also (7). Thus, we achieve the proof.
